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Abstract
In this work, new types of EWs are introduced. They are constructed by using real
skew-symmetric operators defined on a single party subsystem of a bipartite d⊗d system
and a maximal entangled state in that system. A canonical form for these witnesses is
proposed which is called canonical EW in corresponding to canonical real skew-symmetric
operator. Also for each possible partition of the canonical real skew-symmetric operator
corresponding EW is obtained. The method used for d ⊗ d case is extended to d1 ⊗ d2
systems. It is shown that there exist Cd2d1 distinct possibilities to construct EWs for a
given d1 ⊗ d2 Hilbert space. The optimality and nd-optimality problem is studied for
each type of EWs. In each step, a large class of quantum PPT states is introduced. It
is shown that among them there exist entangled PPT states which are detected by the
constructed witnesses. Also the idea of canonical EWs is extended to obtain other EWs
with greater PPT entanglement detection power.
Keywords: Canonical Entanglement Witness, Skew-Symmetric Matrices, En-
tangled PPT states.
PACS: 03.67.Mn, 03.65.Ud
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1 Introduction
Entanglement is one of the essential features of quantum physics which has no analogous
in classical one. Entanglement lies in the heart of the quantum information and quantum
computation. It is used as a physical resource which allows to realize various quantum infor-
mation and quantum computation tasks such as quantum cryptography, teleportation, dense
coding, and key distribution [1, 2, 3]. The most important problem in quantum entanglement
is determining boundary of the separable states and entangled ones, which is still not well
characterized. Although the famous Peres-Horodecki criterion based on positive partial trans-
pose (PPT) explicitly determines this boundary for low dimensional bipartite systems such
as 2 ⊗ 2 and 2 ⊗ 3 [4, 5], but it has no efficiency for entangled PPT states which appear in
the higher-dimensional compound quantum systems. On the other hand, the entangled PPT
states belong to the group of entangled states (bound entangled states) which can not be dis-
tilled. Therefore, distinguishing these states from entangled states that can be distilled (free
entangled states) is of great importance in quantum communication theory [6].
The most general approach to solve and characterize the separability problem in quantum
theory for any higher-dimensional physical systems is based upon the notion of entanglement
witness (EW) [7, 8]. The EWs are fundamental tool in entanglement theory since it has been
shown that, for any entangled state, there exists at least one EW which detects its entanglement
[7, 9]. A Hermitian operator W is said to be an EW if and only if for all separable states ρsep,
Tr(Wρsep) ≥ 0 and at least for one entangled state ρent, Tr(Wρent) < 0 ( one says that ρent
is detected by W). Clearly, the construction of EWs is a hard task, although it is easy to
construct an operator W which has negative expectation value with an entangled state, but it
is very difficult to check that Tr(Wρ) ≥ 0 for all separable states ρ [10, 11, 12, 13]. There are
two types of EWs: decomposable EW (d-EW) that can not detect any entangled PPT states
and non-decomposable one (nd-EW) which can detect at least one entangled PPT state. It
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turns out that the development of appropriate separability criteria reduces to construction of
nd-EWs to detect various entangled PPT states. There have been several considerable efforts
in constructing nd-EWs (analytically and numerically) for higher-dimensional systems (see e.g.
[14, 15, 16, 17, 18, 19, 20, 21]).
In this paper, we describe a method to construct nd-EWs which operate on a bipartite
Hilbert space with arbitrary dimension. Though Breuer attempted in [18] to build such wit-
nesses on the basis of time reversal transformation but his work was restricted to those physical
systems which had angular momentum symmetry. The approach proposed in this paper is gen-
eral and practical for every physical system. It is based on a skew-symmetric operator which
acts on a d-dimensional single party subsystem and a maximal entangled state which are called
characteristic elements of constructed witness. In matrix representation, as will be seen, any
skew-symmetric matrix U satisfies the relation 〈α∗|U|α〉 = 0 (for every state vector |α〉 that
lives in the single party subsystem). It is shown that, by using this property of skew-symmetric
matrices, the related EWs can be constructed analytically for any d ⊗ d systems. From the
theory of matrices [22], the rank of any skew-symmetric matrix is equal to an even number
(2n). Also every skew-symmetric matrix U can be written as U = QJQt in which J is the
canonical form of U (or canonical skew-symmetric matrix) and Q is an orthogonal matrix
(QQt = QtQ = Id). A witness which is established by J is called canonical EW. It is shown
that a large number of witnesses are obtained by doing orthogonal transformations specified
by Q, on the characteristic elements of canonical EW. Thus one is interested to study and
analyze the canonical EWs in details.
To develop the idea of the canonical EW for various ranks that J can achieve, the related
canonical EW is derived. It is proved that for all possible values of rank(J), (rank(J) =
0, ...2n = d), the corresponding canonical EWs is optimal. It is also shown that for full-rank
J, the related EW is optimal nd-EW and, when the rank(J) < 4, it is optimal d-EW. On
the other hand, we introduce a new class of PPT states among which there exist entangled
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PPT states detected by the above mentioned witnesses. By the Jamiolkowski isomorphism [23]
between operators and maps, the positive maps corresponding to canonical EWs are obtained.
In the next step, it is assumed that J is full-rank (that is d = 2n). In this case, J is partitioned
as a direct sum of block-diagonal matrices, which corresponds to a partition of n. As illustrated
, all of witnesses obtained according to possible partition of n are optimal EWs. Also in this
step for every partition of n, we construct entangled PPT state detected by the nd-EW which
is given in the same partition. It is shown that our method can be extended to the bipartite
d1 ⊗ d2 systems. The shape of canonical EWs are similar to the those ones obtained for d⊗ d
systems. In this case, PPT states are also introduced and by the constructed canonical EWs,
it is shown that some of them are entangled.
The paper is organized as follows: In section 2, we investigate our approach to construct
EWs for d ⊗ d systems. The canonical EWs along with the PPT states are introduced. Op-
timality and nd-optimality for canonical EWs are discussed and also the positive maps corre-
sponding to canonical EWs are obtained. In section 3, the canonical EWs corresponding to
possible partition of J and also the related PPT states are discussed. Section 4 is devoted to
describe the canonical EWs and corresponding PPT states for d1 ⊗ d2 systems. Also in this
section, the idea of canonical EW is extended to obtain other EWs. In the end, we summarize
our result and present our conclusions.
2 Entanglement Witnesses For d⊗ d Systems
In this section, we are going to describe a method for constructing EWs. Let us consider H
as a d-dimensional Hilbert space devoted to a single particle subsystem. U is defined as a real
skew-symmetric operator (UT = −U) which acts on the H. U in matrix form is
U =
d−1∑
i≤j
a
ij
(|i〉〈j| − |j〉〈i|) i, j = 0, ..., d− 1. (2.1)
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It is easy to see that for every state |α〉 ∈ H and for every real skew-symmetric matrix U the
following relation is satisfied
〈α∗|U|α〉 = 0, (2.2)
i.e., |α∗〉 and U|α〉 are orthogonal to each other. Now let us introduce the following Hermitian
operator
W = Id ⊗ Id − d|ψ〉〈ψ| − d(UT ⊗ Id)|ψ〉〈ψ|TA(U⊗ Id), (2.3)
where Id⊗ Id is the identity operator, T is transposition and |ψ〉, as defined below, is the d⊗ d
maximal entangled Bell-state
|ψ〉 = 1√
d
d−1∑
i=0
|ii〉, i = 0, ..., d− 1. (2.4)
W has the following expectation value with an arbitrary product state |η〉 ⊗ |ζ〉
〈η| ⊗ 〈ζ |W|η〉 ⊗ |ζ〉 = 1− |〈ζ |η∗〉|2 − |〈ζ |U|η〉|2, (2.5)
in which |η∗〉 and U|η〉 are orthogonal to each other. It is assumed 〈η|UTU|η〉 ≤ 1. If U|η〉
is normalized then |ζ〉, in general, can be written as |ζ〉 = α|η∗〉+ βU|η〉 with |α|2 + |β|2 = 1
otherwise it can not. Consequently, in both cases, the expectation values of the W with respect
to all separable states are positive, so the Hermitian operator W can be considered as an EW.
We will show that this type of EWs have ability to detect entangled PPT states, so they are
nd-EWs. It should be noted that, if we omit the last part of the EW in (2.3), the remainder
part is the reduction EW [10]; in other words,
W = Wred − d(UT ⊗ Id)|ψ〉〈ψ|TA(U⊗ Id), (2.6)
where
Wred = Id ⊗ Id − d|ψ〉〈ψ|. (2.7)
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2.1 Canonical Entanglement Witnesses
In this subsection, we introduce canonical EW and investigate how other EWs are obtained
from it. To illustrate, we know that, from the theory of matrices [22], every real skew-symmetric
matrix on the d-dimensional Hilbert space H can be decomposed as
U = QJQT , (2.8)
where Q is an orthogonal matrix, i.e. QQT = QTQ = Id, and J is a block-diagonal one which
is called the canonical form of U
J = j0 ⊕ j1 ⊕ j2 ⊕ ...⊕ jn−1, (2.9)
where
ji =


0 λ
i
−λ
i
0

 . (2.10)
The scalars λ0, λ1,· · · ,λn−1, which appear in the J, are invariant factors of U (they are invariant
under orthogonal transformations). It is clear that the rank of every real skew-symmetric
matrix U is always an even number (2n); therefore, if the matrix U is full-rank, then 2n = d
and if d is an odd number, U can not be full-rank anywise. Also it is clear that the eigenvalues
of U are complete imaginary or zero, but, if U is full-rank, then all of its eigenvalues will be
imaginary. In addition, the condition 〈η|UTU|η〉 ≤ 1 yields JJT = JTJ ≤ Id which leads to a
condition on λis, i.e. λi ≤ 1 for i = 0, · · · , n − 1. Now we are ready to introduce canonical
EW. Consider the following Hermitian operator
WC = Id ⊗ Id − d|ψ〉〈ψ| − d(JT ⊗ Id)|ψ〉〈ψ|TA(J⊗ Id) (2.11)
By the same prescription proposed for W in equation (2.3) to be as an EW, WC can also be an
EW. It is based on two characteristic elements: J and |ψ〉〈ψ|. If we do some transformations
on these operators, we obtain other EWs. To further illustrate, let |ψ〉〈ψ| be transformed to
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(QT ⊗ Id)|ψ〉〈ψ|(Q⊗ Id) then WC becomes as
Wψ = Id ⊗ Id − d(QT ⊗ Id)|ψ〉〈ψ|(Q⊗ Id)− d(JTQT ⊗ Id)|ψ〉〈ψ|TA(QJ⊗ Id) (2.12)
where Q can be any orthogonal matrix corresponding to any orthogonal transformation in the
d-dimensional Hilbert space. The subscript |ψ〉 denotes the class of operators obtained by any
local orthogonal transformation Q⊗ Id which is preformed on |ψ〉〈ψ|. Now the calculation of
the expectation values of Wψ over all separable states yields the following equation
〈η| ⊗ 〈ζ |Wψ|η〉 ⊗ |ζ〉 = 1− |〈ζ |Q|η∗〉|2 − |〈ζ |QJ|η〉|2. (2.13)
By the same argument sketched in equation (2.5), the above mentioned expectation values are
always positive. Therefore, the class of operators, Wψ, can be considered as EWs. The other
class is obtained by transforming J in to QJQT as
WJ = Id ⊗ Id − d|ψ〉〈ψ| − d(QJTQT ⊗ Id)|ψ〉〈ψ|TA(QJQT ⊗ Id), (2.14)
where the subscript J denotes the class of all operators obtained by any orthogonal transfor-
mation Q which is done on J. By the equation (2.8), the operator in (2.14) is the EW denoted
in (2.3). On the other hand, we can see that the class of EWs Wψ and WJ are related to each
other by local orthogonal transformation (Q⊗ Id), i.e.
Wψ = (Q
T ⊗ Id)WJ(Q⊗ Id), (2.15)
therefore they are locally equivalent. These results strongly motivate us to go to study canon-
ical EW, WC , in detail. Hence the rest of the paper will be devoted to describe the properties
of the canonical EW. To this end, we see that the action of J on the basis states of the
d-dimensional single party Hilbert space H is as
J|2i〉 = −|2i+ 1〉, J|2i+ 1〉 = |2i〉, i = 0, ..., n− 1, (2.16)
and
J|i〉 = 0, i = 2n, ..., d− 1. (2.17)
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By referring to equation (2.11) and using the equations (2.16) and (2.17), WC is obtained in
expanded form as
WC =
n−1∑
i=0
(1− λ2i )(|2i, 2i+ 1〉〈2i, 2i+ 1|+ |2i+ 1, 2i〉〈2i+ 1, 2i|
−|2i, 2i〉〈2i+ 1, 2i+ 1| − |2i+ 1, 2i+ 1〉〈2i, 2i|)
+
n−1∑
i6=j=0
(|2i, 2j〉〈2i, 2j|+ |2i, 2j + 1〉〈2i, 2j + 1|+ |2i+ 1, 2j〉〈2i+ 1, 2j|
+|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1| − |2i, 2i〉〈2j, 2j| − |2i, 2i〉〈2j + 1, 2j + 1|
−|2i+ 1, 2i+ 1〉〈2j, 2j| − |2i+ 1, 2i+ 1〉〈2j + 1, 2j + 1|
−λ
i
λ
j
(|2i+ 1, 2j〉〈2j + 1, 2i| − |2i+ 1, 2j + 1〉〈2j, 2i|
−|2i, 2j〉〈2j + 1, 2i+ 1|+ |2i, 2j + 1〉〈2j, 2i+ 1|))
+
n−1∑
i=0
d−1∑
j=2n
(|2i, j〉〈2i, j|+ |2i+ 1, j〉〈2i+ 1, j|+ |j, 2i〉〈j, 2i|+ |j, 2i+ 1〉〈j, 2i+ 1|
−|2i, 2i〉〈j, j| − |2i+ 1, 2i+ 1〉〈j, j| − |j, j〉〈2i, 2i| − |j, j〉〈2i+ 1, 2i+ 1|)
+
d−1∑
i,j=2n
(|i, j〉〈i, j| − |i, i〉〈j, j|). (2.18)
Consider the following operator
OTA =
n−1∑
i=0
(1− λ2
i
)(|2i, 2i+ 1〉〈2i, 2i+ 1|+ |2i+ 1, 2i〉〈2i+ 1, 2i|
− |2i, 2i〉〈2i+ 1, 2i+ 1| − |2i+ 1, 2i+ 1〉〈2i, 2i|). (2.19)
The WC is composed of the O
tA and the remainder one which is called WC(λ0, λ1, ..., λn−1),
i.e.
WC = O
TA +WC(λ0, λ1, ..., λn−1). (2.20)
We see that the operator O is positive; therefore, from [24] for every PPT state ρ, Tr(OtAρ) ≥ 0.
It becomes clear that the following inequality is satisfied for every PPT state
Tr(WCρ) ≥ Tr(WC(λ0, λ1, ..., λn−1)ρ). (2.21)
Entanglement Witnesses 10
This inequality enables us to take λi = 1 for i = 0, ..., n − 1 so OTA becomes zero and WC =
WC(1, 1, ..., 1). From now on, we keep discussing on WC for λi = 1 (i = 0, ..., n − 1) and
rewriting WC as
WC =
n−1∑
i6=j=0
(|2i, 2j〉〈2i, 2j|+ |2i, 2j + 1〉〈2i, 2j + 1|+ |2i+ 1, 2j〉〈2i+ 1, 2j|
+|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1| − |2i, 2i〉〈2j, 2j| − |2i, 2i〉〈2j + 1, 2j + 1|
−|2i+ 1, 2i+ 1〉〈2j, 2j| − |2i+ 1, 2i+ 1〉〈2j + 1, 2j + 1|
−|2i+ 1, 2j〉〈2j + 1, 2i|+ |2i+ 1, 2j + 1〉〈2j, 2i|
+|2i, 2j〉〈2j + 1, 2i+ 1| − |2i, 2j + 1〉〈2j, 2i+ 1|)
+
n−1∑
i=0
d−1∑
j=2n
(|2i, j〉〈2i, j|+ |2i+ 1, j〉〈2i+ 1, j|+ |j, 2i〉〈j, 2i|+ |j, 2i+ 1〉〈j, 2i+ 1|
−|2i, 2i〉〈j, j| − |2i+ 1, 2i+ 1〉〈j, j| − |j, j〉〈2i, 2i| − |j, j〉〈2i+ 1, 2i+ 1|)
+
d−1∑
i,j=2n
(|i, j〉〈i, j| − |i, i〉〈j, j|). (2.22)
To disambiguate, WC can be briefly written as
WC = O
TA
1
+OTA
2
+WOPC, (2.23)
where
OTA
1
=
n−1∑
i=0
d−1∑
j=2n
(|2i, j〉〈2i, j|+ |2i+ 1, j〉〈2i+ 1, j|+ |j, 2i〉〈j, 2i|+ |j, 2i+ 1〉〈j, 2i+ 1|
− |2i, 2i〉〈j, j| − |2i+ 1, 2i+ 1〉〈j, j| − |j, j〉〈2i, 2i| − |j, j〉〈2i+ 1, 2i+ 1|), (2.24)
OTA
2
=
d−1∑
i,j=2n
(|i, j〉〈i, j| − |i, i〉〈j, j|) (2.25)
and
WOPC =
n−1∑
i6=j=0
(|2i, 2j〉〈2i, 2j|+ |2i, 2j + 1〉〈2i, 2j + 1|+ |2i+ 1, 2j〉〈2i+ 1, 2j|
+|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1| − |2i, 2i〉〈2j, 2j| − |2i, 2i〉〈2j + 1, 2j + 1|
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−|2i+ 1, 2i+ 1〉〈2j, 2j| − |2i+ 1, 2i+ 1〉〈2j + 1, 2j + 1|
−|2i+ 1, 2j〉〈2j + 1, 2i|+ |2i+ 1, 2j + 1〉〈2j, 2i|
+ |2i, 2j〉〈2j + 1, 2i+ 1| − |2i, 2j + 1〉〈2j, 2i+ 1|). (2.26)
Note that if the rank of J (2n) is two then WOPC will be zero and therefore by considering
the equation (2.23), it is concluded that WC is a d-EW. Since we are interested in dealing
with nd-EWs then those d⊗ d quantum systems for which rank(J) ≥ 4 are discussed. Hence
we conclude that, by this approach, nd-EWs can be constructed only for those systems with
d ≥ 4. Clearly if J is full-rank (2n = d) then in equation (2.23), OTA1 and OTA2 will be zero.
Now we claim that the WC type witnesses are able to detect entangled PPT states so they are
nd-EWs.
2.2 PPT states
This subsection is devoted to construct PPT states and determine a subset of them as a set of
entangled PPT states whose entanglement are detected by the EWs introduced in the previous
subsection. Let us write the following operator
ρ =
1
N (a0|ψ〉〈ψ|+ a0
n−1∑
i=0
(|2i, 2i〉〈2i, 2i|+ |2i+ 1, 2i+ 1〉〈2i+ 1, 2i+ 1|
−|2i, 2i〉〈2i+ 1, 2i+ 1| − |2i+ 1, 2i+ 1〉〈2i, 2i|)
+
n−1∑
i=0
(a2i+2,2i|2i+ 2, 2i〉〈2i+ 2, 2i|+ a2i+1,2i+3|2i+ 1, 2i+ 3〉〈2i+ 1, 2i+ 3|
−Ci(|2i+ 2, 2i〉〈2i+ 1, 2i+ 3|+ |2i+ 1, 2i+ 3〉〈2i+ 2, 2i|))
+
n−1∑
i 6=j=0,i−j 6=1,j−i 6=n−1
a2i,2j |2i, 2j〉〈2i, 2j|+
n−1∑
i 6=j=0,j−i 6=1,i−j 6=n−1
a2i+1,2j+1|2i+1, 2j+1〉〈2i+1, 2j+1|
+
n−1∑
i,j=0
(a2i,2j+1|2i, 2j + 1〉〈2i, 2j + 1|+ a2i+1,2j |2i+ 1, 2j〉〈2i+ 1, 2j|)
+
d−1∑
i=2n
n−1∑
j=0
(a2j,i|2j, i〉〈2j, i|+a2j+1,i|2j+1, i〉〈2j+1, i|+ai,2j|i, 2j〉〈i, 2j|+ai,2j+1|i, 2j+1〉〈i, 2j+1|)
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+
d−1∑
i 6=j=2n
aij |i, j〉〈i, j|), (2.27)
where N is the normalization factor and equals to
N = (d+ 2n)a0 +
n−1∑
i 6=j=0
(a
2i,2j
+ a
2i+1,2j+1
) +
n−1∑
i,j=0
(a
2i,2j+1
+ a
2i+1,2j
)
+
d−1∑
i=2n
n−1∑
j=0
(a
2j,i
+ a
2j+1,i
+ a
i,2j
+ a
i,2j+1
) +
d−1∑
i 6=j=2n
a
i,j
. (2.28)
The positivity conditions impose that all of the multipliers which appear in the ρ are positive
semi definite and in addition the following inequality must be satisfied
a
2i+1,2i+3
a
2i+2,2i
≥ C2i , i = 0, ..., n− 1, (2.29)
where addition in the subscripts is done by module (2n). Also the PPT conditions are as
follows:
a2i,2j a2j,2i ≥ a20, i, j = 0, ..., n− 1, i 6= j,
a2i+1,2j+1 a2j+1,2i+1 ≥ a20, i, j = 0, ..., n− 1, i 6= j,
a2i,2j+1 a2j+1,2i ≥ a20, i, j = 0, ..., n− 1, i 6= j,
a2i+1,2i a2i+2,2i+3 ≥ C2i , i = 0, ..., n− 1,
a2j,i ai,2j ≥ a20, j = 0, ..., n− 1, i = 2n, ..., d− 1,
a2j+1,i ai,2j+1 ≥ a20, j = 0, ..., n− 1, i = 2n, ..., d− 1,
ai,j aj,i ≥ a20, i, j = 2n, ..., d− 1, i 6= j. (2.30)
Therefore, by these two groups of inequalities, the operator ρ becomes as a density operator
with positive partial transpose. In the next step, it is shown that the expectation value of
the witness WC with respect to the ρ, under positivity and PPT conditions, really fulfills the
following inequality (the proving of the following Lower bound is given in the appendix A.)
Tr(WCρ) ≥ −2n
d+ 4n2 + (d− 2n)(d+ 2n− 1) , n = 2, 3, 4, · · · . (2.31)
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Hence if the PPT state ρ satisfies the following inequality
−2n
d+ 4n2 + (d− 2n)(d+ 2n− 1) ≤ Tr(WCρ) < 0, n = 2, 3, 4, · · · , (2.32)
then it will be an entangled PPT state whose entanglement is detected by WC . On the other
hand, the witness WC which can detect the entangled PPT state ρ, becomes as a nd-EW which
proves our claim. It is also seen that the lower bound of the inequality in (2.27) depends on
the rank of the matrix J and the dimension of the Hilbert space of the single party subsystem.
It is also obvious that if J is full-rank, then the lower bound becomes smaller. Finally; when
the state ρ violate the PPT conditions, the expectation value of the entanglement witness WC
with respect to the density operator ρ satisfies the following inequality
−4n(n− 1) + (d− 2n)(d+ 2n− 1)
d+ 2n
≤ Tr(WCρ) < −2n
d+ 4n2 + (d− 2n)(d+ 2n− 1) ,
n = 2, 3, 4, · · · . (2.33)
.Clearly the lower bound becomes greater when the matrix J is full-rank.
2.3 Optimal Canonical Entanglement Witnesses
Now we discuss at first the optimality of canonical EWs by investigating optimality of canoni-
cal EW when J is full-rank (2n=d). The proving of optimality for the others (2n < d) is similar
to this one. Secondly, we describe nd-optimality of canonical EWs. There exist different defi-
nitions of optimal entanglement witness. Our description is based on the definition introduced
by Lewenstein et.al., [24]. One has two EWs W1 and W2, W2 is finer than W1 if they differ by
a positive operator P. We say that W is optimal iff for all P and ǫ > 0, W′ = (1+ ǫ)W− ǫP is
not an EW. P is positive operator and PPW = 0 where PW = {|γ〉,Tr(W|γ〉〈γ| = 0)} in which
|γ〉 is separable state. Since any positive operator can be written as a convex combination of
pure product states so let us assume that P = |ψ〉〈ψ| in which
|ψ〉 =
d−1∑
i,j=0
ai,j |i, j〉. (2.34)
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By referring to the equation (2.5) and using J instead of U , a typical separable state |γ〉 ∈ PWC
has the following form
|γ〉 = |η〉 ⊗ (α|η∗〉+ βJ |η〉), (2.35)
where |α|2 + |β|2 = 1. We define |η〉 = ∑n−1i=0 (η2i |2i〉 + η2i+1 |2i + 1〉) such that
∑n−1
i=0 (|η2i|2 +
|η
2i+1
|2) = 1. For simplicity we choose α = 1 and β = 0 (|γ〉 = |η〉 ⊗ |η∗〉). Therefore, the
separable state |γ〉 in expanded form is written as
|γ〉 =
n−1∑
i,j=0
η
2i
η∗
2j
|2i, 2j〉+ η
2i
η∗
2j+1
|2i, 2j + 1〉
+ η
2i+1
η∗
2j
|2i+ 1, 2j〉+ η
2i+1
η∗
2j+1
|2i+ 1, 2j + 1〉. (2.36)
It is proven P=0 as:
1. η
2i
= δik which gives the following separable state
|γ〉 = |2k, 2k〉 −→ 〈γ|ψ〉 = a2k,2k = 0. (2.37)
. 2. η
2i+1
= δik
|γ〉 = |2k + 1, 2k + 1〉 −→ 〈γ|ψ〉 = a2k+1,2k+1 = 0. (2.38)
3. η
2k
= α′, η
2k+1
= β ′, |α′|2 + |β ′|2 = 1,
|γ〉 = |α′|2|2k, 2k〉+ α′β ′∗|2k, 2k + 1〉+ β ′α′∗|2k + 1, 2k〉+ |β ′|2|2k + 1, 2k + 1〉,
,
〈γ|ψ〉 = β ′α′∗a2k+1,2k + α′β ′∗a2k,2k+1 = 0
−→ a2k,2k+1 = 0, a2k+1,2k = 0. (2.39)
4. η
2k
= α′, η
2l
= β ′ , k < l, |α′|2 + |β ′|2 = 1,
|γ〉 = |α′|2|2k, 2k〉+ α′β ′∗|2k, 2l〉+ β ′α′∗|2l, 2k〉+ |β ′|2|2l, 2l〉,
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〈γ|ψ〉 = α′β ′∗a2k,2l + β ′α∗a2l,2k = 0
−→ a2k,2l = 0, a2l,2k = 0. (2.40)
5. η
2k+1
= α′, η
2l+1
= β ′, k < l , |α′|2 + |β ′|2 = 1,
|γ〉 = |α′|2|2k + 1, 2k + 1〉+ α′β ′∗|2k + 1, 2l + 1〉+ β ′α′∗|2l + 1, 2k + 1〉+ |β ′|2|2l + 1, 2l + 1〉,
〈γ|ψ〉 = α′β ′∗a2k+1,2l+1 + β ′α′∗a2l+1,2k+1 = 0
−→ a2k+1,2l+1 = 0, a2l+1,2k+1 = 0. (2.41)
6. η
2k
= α′, η
2l+1
= β ′ , k < l, |α′|2 + |β ′|2 = 1
|γ〉 = |α′|2|2k, 2k〉+ α′β ′∗|2k, 2l + 1〉+ β ′α′∗|2l + 1, 2k〉+ |β ′|2|2l + 1, 2l + 1〉,
〈γ|ψ〉 = α′β ′∗a2k,2l+1 + β ′α′∗a2l+1,2k = 0
−→ a2k,2l+1 = 0, a2l+1,2k = 0. (2.42)
7. η
2k+1
= α′, η
2l
= β ′ , k < l, |α′|2 + |β ′|2 = 1,
|γ〉 = |β ′|2|2l, 2l〉+ β ′α′∗|2l, 2k + 1〉+ α′β ′∗|2k + 1, 2l〉+ |α′|2|2k + 1, 2k + 1〉,
〈γ|ψ〉 = α′β ′∗a2k+1,2l + β ′α′∗a2l,2k+1 = 0
−→ a2l,2k+1 = 0, a2k+1,2l = 0. (2.43)
These equations explicitly show that P=0 and therefore the canonical EW is optimal. The
proving of optimality for WC , when J is not full-rank (and specially is zero), is similar to
the previous one except by noting that the typical separable state |γ〉 ∈ PC has the form
|γ〉 = |η〉 ⊗ |η∗〉 where |η〉 = ∑n−1i=0 (η2i |2i〉 + η2i+1 |2i + 1〉) +
∑d−1
i=2n ηi|i〉. Therefore, it is
concluded that the canonical EW (2.11) is optimal for all ranks of J (rank(J) = 0, ..., 2n = d),
in other words, its optimality is independent from the rank of J. On the other hand, to discuss
nd-optimality, we define dWC = {ρ ≥ 0|ρTA ≥ 0, Tr(Wcρ) < 0}, i.e., the set of entangled
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PPT states detected by WC . Given two nd-EWs WC1 and WC2, we say that WC2 is nd-finer
than WC1, if dWC1 ⊆ dWC2 , i.e., if all of the entangled PPT states detected by WC1 are also
detected by WC2. We say that WC is optimal nd-EW, if there exists no other nd-EW which is
nd-finer than it. So by keeping this in mind, we determine optimal nd-EW among canonical
EWs. By referring to equation (2.23), we see that the operators O
1
and O
2
are positive, so
OTA
1
and OTA
2
are optimal d-EWs [24] and WOPC is a canonical EW on the 2n ⊗ 2n Hilbert
space which is a subspace of d⊗d one (the proving that WOPC is an EW, is given in appendix
B). We know that for any PPT state the following inequality is satisfied
Tr(WCρ) ≥ Tr(WOPCρ). (2.44)
From the Lewenstein definition of an optimal nd-EW, it is clear that each entangled PPT state
detected by WC , is also detected by WOPC . It is proven that WOPC is an optimal nd-EW.
To this aim we say that a nd-EW, W, is optimal nd-EW iff for all decomposable operator D
(D = P+QtA where P and Q are positive operators) and ǫ > 0, W′ = (1+ ǫ)W− ǫD is not an
EW. In the proving of optimality for canonical EWs, It was shown that P = 0. To illustrate
that WOPC is an optimal nd-EW, it must be shown that for Q
TAPWOPC = 0 then Q
TA = 0. Let
us assume that Q = |ϕ〉〈ϕ| in which |ϕ〉 =∑d−1i,j=0 ai,j|i, j〉. As previously, since J is full-rank on
2n-dimensional subspace of the d-dimensional one party Hilbert space H, a typical separable
state |γ〉 ∈ PWOPC which lies in the 2n ⊗ 2n subspace (see appendix B), is written as |ϑ〉 =
|η〉⊗(α|η∗〉+βJ|η〉). On the other hand, since Tr(QtA |α〉〈α|⊗|β〉〈β|) = Tr(Q|α∗〉〈α∗|⊗|β〉〈β|)
then we calculate the expectation values of Q with the products |ϑ〉 = |η∗〉 ⊗ (α|η∗〉+ βJ|η〉).
|ϑ〉 in expanded form is
|ϑ〉 =
n−1∑
i,j=0
η∗
2i
(αη∗
2j
+ βη
2j+1
)|2i, 2j〉+ η∗
2i
(αη∗
2j+1
− βη
2j
)|2i, 2j + 1〉
+ η∗
2i+1
(αη∗
2j
+ βη
2j+1
)|2i+ 1, 2j〉+ η∗
2i+1
(αη∗
2j+1
− βη
2j
)|2i+ 1, 2j + 1〉. (2.45)
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One can show Q = 0 on the subspace 2n⊗ 2n as below
1. η
2i
= δik, α = 1, β = 0 which gives the following separable state
|ϑ〉 = |2k, 2k〉 −→ 〈ϑ|ϕ〉 = a2k,2k = 0. (2.46)
2. η
2i
= δik , α = 0, β = 1
|ϑ〉 = |2k, 2k + 1〉 −→ 〈ϑ|ϕ〉 = a2k,2k+1 = 0. (2.47)
3. η
2i+1
= δik , α = 0, β = 1
|ϑ〉 = |2k + 1, 2k〉 −→ 〈ϑ|ϕ〉 = a2k+1,2k = 0. (2.48)
4. η
2i+1
= δik , α = 1, β = 0
|ϑ〉 = |2k + 1, 2k + 1〉 −→ 〈ϑ|ϕ〉 = a2k+1,2k+1 = 0. (2.49)
5. η
2k
= α′, η
2l
= β ′ , |α′|2 + |β ′|2 = 1 , k < l , α = 0, β = 1
|ϑ〉 = |α′|2|2k, 2k + 1〉+ α′β ′∗|2l, 2k + 1〉+ β ′α′∗|2k, 2l + 1〉+ |β ′|2|2l, 2l + 1〉,
〈ϑ|ϕ〉 = α′β ′∗a2l,2k+1 + β ′α′∗a2k,2l+1 = 0
−→ a2l,2k+1 = 0 , a2k,2l+1 = 0. (2.50)
6. η
2k+1
= α′, η
2l+1
= β ′ , |α′|2 + |β ′|2 = 1 , k < l , α = 0, β = 1
|ϑ〉 = |α′|2|2k + 1, 2k〉+ α′β ′∗|2l + 1, 2k〉+ β ′α′∗|2k + 1, 2l〉+ |β ′|2|2l + 1, 2l〉,
〈ϑ|ϕ〉 = α′β ′∗a2l+1,2k + β ′α′∗a2k+1,2l = 0
−→ a2l+1,2k = 0, a2k+1,2l = 0. (2.51)
7. η
2k
= α′, η
2l+1
= β ′ , |α′|2 + |β ′|2 = 1 , k < l , α = 0, β = 1
|ϑ〉 = −|α′|2|2k, 2k + 1〉 − α′β ′∗|2l + 1, 2k + 1〉+ β ′α′∗|2k, 2l〉+ |β ′|2|2l + 1, 2l〉,
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〈ϑ|ϕ〉 = −α′β ′∗a2l+1,2k + β ′α′∗a2k,2l = 0
−→ a2l+1,2k+1 = 0. a2k,2l = 0. (2.52)
8. η
2k+1
= α′, η
2l
= β ′ , |α′|2 + |β ′|2 = 1 , k < l , α = 0, β = 1
|ϑ〉 = |α′|2|2k + 1, 2k〉+ α′β ′∗|2l, 2k〉 − β ′α′∗|2k + 1, 2l + 1〉 − |β ′|2|2l, 2l + 1〉,
〈ϑ|ϕ〉 = α′β ′∗a2l,2k − β ′α′∗a2k+1,2l+1 = 0
−→ a2k+1,2l+1 = 0, a2l,2k = 0. (2.53)
therefore, Q = 0 on the 2n⊗2n subspace. From the other side, since all of the separable states
which lie on the complement subspace of the 2n⊗ 2n one belong to the PWOPC (see appendix
B), then it is obvious that Q is also zero on that subspace. Consequently Q = 0 on d ⊗ d
Hilbert space hence WOPC is optimal nd-EW. Clearly, if J is full-rank, then O
TA
1
and OTA
2
will
be zero so WC = WOPC and WOPC is an optimal nd-EW on the d ⊗ d Hilbert space. It is
concluded that when J is full-rank, WC is optimal nd-EW and when J is not full-rank WC
is not optimal nd-EW; therefore, despite the optimality, the nd-optimality of canonical EWs
depends on the rank of J.
2.4 The Positive Maps Corresponding to Canonical EWs
Since the nd-EWs have an essential role in the studying of separability problem in quan-
tum theory, by using Jamiolkowski isomorphism [23] between operators and maps, the non-
decomposable positive maps (or nd-positive maps) have the same role as nd-EWs. By this iso-
morphism, one can obtain the corresponding positive map of the canonical EW WC ∈ Hd⊗Hd
(2.11) as discussed in subsection (2.1). Consider the following equation
φ(ρ) = TrB(WC(Id ⊗ ρT )). (2.54)
Where ρ is a density operator on the d-dimensional Hilbert space. This equation shows how to
construct the map φ from a given operator WC . After some calculations, the following result
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is obtained
φ(ρ) = IdTr(ρ)− ρ− JTρTJ. (2.55)
From the properties of WC discussed earlier, we expect that, if the rank(J) < 4, then the φ(ρ)
is decomposable positive map (or d-positive map), especially when rank(J) = 0, φ(ρ) is the
well-known reduction map [25]. Therefore, for rank(J) ≥ 4, φ(ρ) is nd-positive map.
3 Entanglement Witnesses Corresponding to possible
partitions of J
In this section, by referring to each possible partition of J, we are going to construct a new
set of canonical EWs. Therefore, for a given J, we have a set of canonical EWs corresponding
to the set of possible partitions of J. It is shown that, for a given partition of J, a PPT
state is constructed for that partition. The entanglement of this PPT state in some range of
parameters is detected by the corresponding canonical EW established in the same partition.
Suppose that J is full-rank, i.e., d = 2n. Consider a partition of d-dimensional single party
Hilbert space H to its 2µi-dimensional subspaces, H2µis, through the following direct sum
H = H2µ1 ⊕H2µ2 ⊕H2µ3 ⊕ · · · ⊕ H2µν . (3.56)
Also consider the following Hermitian operator
WC = Id ⊗ Id − d|ψ〉〈ψ| − d(UT1 ⊗ Id)|ψ〉〈ψ|TA(U1 ⊗ Id)− d(UT2 ⊗ Id)|ψ〉〈ψ|TA(U2 ⊗ Id)
− d(UT3 ⊗ Id)|ψ〉〈ψ|TA(U3 ⊗ Id)− · · · − d(UTν ⊗ Id)|ψ〉〈ψ|TA(Uν ⊗ Id), (3.57)
in which every Ui is block-diagonal full-rank matrix on H2µi (k = 1, · · · , ν) such that
J = U1 +U2 +U3 + · · ·+Uν , (3.58)
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where UiUj = 0 (i 6= j = 1, ..., ν). Each Ui is a full-rank canonical skew-symmetric matrix in
H2µi . Therefore the rank of J is the sum of the ranks of Uis that is
2n = 2µ1 + 2µ2 + 2µ3 + · · ·+ 2µν (3.59)
hence we obtain the next result
n = µ1 + µ2 + µ3 + · · ·+ µν . (3.60)
It is well-known that the numbers (µ1, µ2, µ3, · · · , µν) are a partition of n. Generally from [26],
for a given number n there are p(n) number of partitions (µ1, µ2, µ3, · · · , µν) with µ1 ≥ µ2 ≥
µ3 ≥, · · · ,≥ µν (for example consider 5, the number of partitions for it, is p(5) = 7). Hence
we say that the Uks in (3.58) are a partition of J. Therefore for the other possible partitions
of n, we have corresponding partitions for J and corresponding Hermitian operators such as
WC which is renamed as WC(µ1, µ2, µ3, · · · , µν).
In the same way, as described in section 2, the expectation values of Hermitian operator
WC with all product states are given as
〈η| ⊗ 〈ζ |WC(µ1, µ2, · · · , µν−1, µν)|η〉 ⊗ |ζ〉 = 1− |〈ζ |η∗〉|2 − |〈ζ |U1|η〉|2 − |〈ζ |U2|η〉|2
− |〈ζ |U3|η〉|2 − · · · − |〈ζ |Uν|η〉|2, (3.61)
in which the states {|η∗〉 , U1|η〉 , U2|η〉 , U3|η〉, · · · , Uν |η〉} are orthogonal to each other.
If Ui|η〉, for each i, is normalized then |ζ〉 can be written as |ζ〉 = α|η∗〉 +
∑ν
i=0 βiUi|η〉 with
|α|2 + ∑νi=1 |βi|2 = 1 otherwise it can not. Therefore WC(µ1, µ2, µ3, · · · , µν) has positive
expectation values with all separable states so it can be considered as a canonical EW for the
partition (µ1, µ2, µ3, · · · , µν). par The action of Ui (i = 1, ..., ν) on the basis states of H2µi
(i = 1, ..., ν) is as
Ui|2k〉 = −|2k + 1〉, Ui|2k + 1〉 = |2k〉,
i = 1, ..., ν, k = 0, ..., µi − 1, (3.62)
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therefore WC(µ1, µ2, µ3, · · · , µν) in equation (3.57) for a given partition (µ1, µ2, µ3, · · · , µν) can
be obtained as
WC(µ1, µ2, µ3, · · · , µν) =WC(µ1, µ2, µ3, · · · , µν)
+ OtA(µ1) + O
tA(µ2) + O
tA(µ3) + · · ·+OtA(µν−1), (3.63)
where
WC(µ1, µ2, µ3, · · · , µν) = WC(µ1)⊕WC(µ2)⊕WC(µ3)⊕ · · · ⊕WC(µν) (3.64)
The operators WC(µi) (i = 1, · · · , ν) and OtA(µi) (i = 1, · · · , ν − 1) have been given in the
appendix C. By the same prescription shown in section (2.3), the WC(µ1, µ2, µ3, · · · , µν) is
optimal EW for each partition of n. Each WC(µi) (i = 1, · · · , ν) is an EW in the 2µi ⊗ 2µi
subspace of the d ⊗ d Hilbert space. Also for every µi > 1 the corresponding WC(µi) is an
optimal nd-EW and hence Wc(µ1, µ2, µ3, · · · , µν) which is the direct some of the WC(µi)s, is
also an optimal nd-EW. The operators O(µi) (i = 1, ..., ν − 1) are positive operators then the
operators OtA(µi) (i = 1, · · · , ν − 1) are optimal d-EWs.
As mentioned in section (2.1), if a given µi be equal to one then the corresponding WC(µi)
will be zero. Therefore if all of µis become one, i.e. for the partition (1, 1, 1, · · · , 1), then
WC(1, 1, 1, · · · , 1) will be an optimal d-EW. The witness corresponding to the partition (n =
µ1), i.e. WC(µ1), is an optimal nd-EW which was discussed earlier. In the end, the witnesses
which correspond to the other partitions between these two partitions , as the equation (3.63),
are a mixture of optimal d-EWs and the optimal nd-EWs. Therefore, by considering the
optimality of the nd-EWs discussed in subsection (2.3), these witnesses are not optimal nd-
EWs.
In the next step, for a given partition (µ1, µ2, µ3, · · ·µν), a PPT state is introduced. This
state can be entangled and the signature of entanglement for it is shown by the witness which
corresponds to the same partition discussed above. This state is the following one
ρ(µ1, µ2, µ3, · · · , µν)
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=
1
N (µ1, µ2, µ3, · · · , µν)(̺(µ1, µ2, µ3, · · · , µν)+σ(µ1)+σ(µ1)+σ(µ3)+ · · ·+σ(µν−1)) (3.65)
such that
̺(µ1, µ2, µ3, · · · , µν) = ρ(µ1)⊕ ρ(µ2)⊕ ρ(µ3)⊕ · · · ⊕ ρ(µν), (3.66)
where N (µ1, µ2, µ3, · · · , µν) is the norm of the ρ(µ1, µ2, µ3, · · · , µν). The operators ρ(µi)s
(i = 1, · · · , ν) are also (unnormalized) PPT states in the subspace 2µi ⊗ 2µi and by the
witnesses WC(µi)s, they are entangled PPT states. Also the operator ̺(µ1, µ2, µ3, · · · , µν)
which is the direct sum of the ρ(µi)s, is PPT state so its entanglement is detected by the
witness Wc(µ1, µ2, µ3, · · · , µν) and finally σ(µi)s (i = 1, · · · , ν − 1) are Hermitian operators.
All these operators together with the positivity and PPT conditions for ρ(µ1, µ2, µ3, · · · , µν)
have been given in appendix D.
Now at the end of this section the expectation value of WC(µ1, µ2, µ3, · · · , µν) with respect
to the PPT state ρ(µ1, µ2, µ3, · · · , µν), by considering both positivity and PPT conditions,
is calculated. In the same way as in subsection (2.2), after some calculations we obtain the
following lower bound
Tr[WC(µ1, µ2, µ3, · · · , µν)ρ(µ1, µ2, µ3, · · · , µν)]
≥ − d∑ν
ǫ=1(2µǫ(2µǫ + 1) + 4µǫ(d− 2
∑ǫ
θ=1 µθ))
. (3.67)
Therefore we say that if a PPT state ρ(µ1, µ2, µ3, · · · , µν) satisfy the following inequality
− d∑ν
ǫ=1(2µǫ(2µǫ + 1) + 4µǫ(d− 2
∑ǫ
θ=1 µθ))
≤ Tr[WC(µ1, µ2, µ3, · · · , µν)ρ(µ1, µ2, µ3, · · · , µν)] < 0, (3.68)
then it is an entangled PPT state detected by the witness WC(µ1, µ2, µ3, · · · , µν). Finally if
ρ(µ1, µ2, µ3, · · · , µν) violate the PPT condition, it always satisfies the next inequality
−
∑ν
ǫ=1(2µǫ(µǫ − 1) + 2µǫ(d− 2
∑ǫ
θ=1 µθ))
d
≤ Tr[WC(µ1, µ2, µ3, · · · , µν)ρ(µ1, µ2, µ3, · · · , µν)]
< − d∑ν
ǫ=1(2µǫ(2µǫ + 1) + 4µǫ(d− 2
∑ǫ
θ=1 µθ))
. (3.69)
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4 Extensions
In this section, at first, we extend our approach used for d⊗d cases in the previous sections to
obtain EWs in d1 ⊗ d2 quantum systems (d1 < d2). Secondly, we extend the idea of canonical
EW introduced in subsection (2.1) to construct other EWs. Let us introduce a projection
operator Pc on the d2-dimensional party in which Im(Pc) is a d1-dimensional Hilbert space.
Since in the d2-dimensional vector space one can construct d1-dimensional subspace by C
d2
d1
(the number of combinations of d2 distinct objects taken d1 at a time without repetitions)
distinct ways; therefore, the subscript c (c = 1, · · · ,Cd2d1) dentes a projection operator among
the set of Cd2d1 ones . From the linear algebra, we know that Hd2 = KerPc ⊕ ImPc. Therefore
for every |α〉 ∈ Hd2 , we have |α〉 = |αc〉 + |αc′ 〉 where |αc〉 ∈ ImPc and |αc′ 〉 ∈ KerPc with
dim(ImPc)=d1 and dim(KerPc)=d2 − d1. Now we introduce the following Hermitian operator
W = Id1 ⊗ Ic − d1|ψc〉〈ψc| − d1(UTd1 ⊗ Ic)|ψc〉〈ψc|TA(Ud1 ⊗ Ic) (4.70)
where Ic =
∑d1−1
i=0
|ic〉〈ic| is the identity operator in the projected subspace of Hd2 corresponding
to a combination denoted by c. So the identity operator in the corresponding d1⊗d1 subspace
of d1 ⊗ d2 system is given as
Id1 ⊗ Ic =
d1−1∑
i,j=0
|i, jc〉〈i, jc| (4.71)
and |ψc〉 is the the maximal entangled Bell-state in that subspace
|ψc〉 = 1√
d1
d1−1∑
i=0
|i, ic〉, (4.72)
in which |ic〉 ∈ ImPc for i = 0, · · · , d1 − 1. It should be noted that the skew-symmetric
operator Ud1 is defined on the d1-dimensional party of the d1 ⊗ d2 system. To clarify, we give
an example in 4 ⊗ 5. Sine C54 = 5 then we have five 4-dimensional projected subspace for
H5. The first one spanned by {|01〉 = |0〉, |11〉 = |1〉, |21〉 = |2〉, |31〉 = |3〉}, the second one by
{|02〉 = |0〉, |12〉 = |1〉, |22〉 = |2〉, |32〉 = |4〉}, the third one by {|03〉 = |0〉, |13〉 = |2〉, |23〉 =
|3〉, |33〉 = |4〉}, the fourth one by {|04〉 = |0〉, |14〉 = |1〉, |24〉 = |3〉, |34〉 = |4〉} and the fifth
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one by {|05〉 = |1〉, |15〉 = |2〉, |25〉 = |3〉, |35〉 = |4〉}. Therefore one has five ways to construct
the operator (4.70). It is clear that the operator (4.70) is the same operator (2.3) in d1 ⊗ d1
bipartite quantum system which has been embedded in d1 ⊗ d2 Hilbert space. Consequently,
the number of such operators obtained by embedding in this way is, in fact, Cd2d1 .
By the same arguments proposed in section 2, the operator (4.70) can be considered as an
entanglement witness which is defined on the d1 ⊗ d2 Hilbert space. Using Jd1 instead of Ud1
in (4.70), we obtain a canonical form for W as
WC = Id1 ⊗ Ic − d1|ψc〉〈ψc| − d1(JTd1 ⊗ Ic)|ψc〉〈ψc|TA(Jd1 ⊗ Ic), (4.73)
where Qd1 is an orthogonal matrix (Qd1Q
T
d1
= QT
d1
Qd1 = Id1 ) and Jd1 is the canonical form
of U
d1
i.e., U
d1
= Q
d1
J
d1
QT
d1
. The action of Jd1 (whose rank is 2n1) on the basis of the d1-
dimensional single party Hilbert space is similar to (2.16) and (2.17). Consequently, after some
calculations, the expanded form of WC becomes
WC =
n1−1∑
i6=j=0
(|2i, (2j)c〉〈2i, (2j)c|+ |2i, (2j + 1)c〉〈2i, (2j + 1)c|+ |2i+ 1, (2j)c〉〈2i+ 1, (2j)c|
+|2i+ 1, (2j + 1)c〉〈2i+ 1, (2j + 1)c| − |2i, (2i)c〉〈2j, (2j)c| − |2i, (2i)c〉〈2j + 1, (2j + 1)c|
−|2i+ 1, (2i+ 1)c〉〈2j, (2j)c| − |2i+ 1, (2i+ 1)c〉〈2j + 1, (2j + 1)c|
−|2i+ 1, (2j)
c
〉〈2j + 1, (2i)
c
|+ |2i+ 1, (2j + 1)
c
〉〈2j, (2i)
c
|
+|2i, (2j)c〉〈2j + 1, (2i+ 1)c| − |2i, (2j + 1)c〉〈2j, (2i+ 1)c|)
+
n1−1∑
i=0
d1−1∑
j=2n1
(|2i, jc〉〈2i, jc|+ |2i+ 1, jc〉〈2i+ 1, jc|+ |j, (2i)c〉〈j, (2i)c|+ |j, (2i+ 1)c〉〈j, (2i+ 1)c|
−|2i, (2i)c〉〈j, jc | − |2i+ 1, (2i+ 1)c〉〈j, jc| − |j, jc〉〈2i, (2i)c| − |j, jc〉〈2i+ 1, (2i+ 1)c|)
+
d1−1∑
i,j=2n
(|i, jc〉〈i, jc| − |i, ic〉〈j, jc |). (4.74)
These witnesses are optimal d-EWs for d1 < 4; otherwise, they are nd-EWs, so they can
detect the entanglement of some PPT states. Optimality and nd-optimality problem for these
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witnesses is similar to those ones which were discussed in subsection (2.3). Now we introduce
PPT states in which some of them are entangled. Consider the following class of states
ρ =
1
N (a0|ψc〉〈ψc|+ a0
n1−1∑
i=0
(|2i, (2i)c〉〈2i, (2i)c|+ |2i+ 1, (2i+ 1)c〉〈2i+ 1, (2i+ 1)c|
−|2i, (2i)c〉〈2i+ 1, (2i+ 1)c| − |2i+ 1, (2i+ 1)c〉〈2i, (2i)c|)
+
n1−1∑
i=0
(a2i+2,(2i)c |2i+ 2, (2i)c〉〈2i+ 2, (2i)c|+ a2i+1,(2i+3)c |2i+ 1, (2i+ 3)c〉〈2i+ 1, (2i+ 3)c|
−Ci(|2i+ 2, (2i)c〉〈2i+ 1, (2i+ 3)c|+ |2i+ 1, (2i+ 3)c〉〈2i+ 2, (2i)c|))
+
n1−1∑
i 6=j=0,i−j 6=1,j−i 6=n1−1
a2i,(2j)c |2i, (2j)c〉〈2i, (2j)c|
+
n1−1∑
i 6=j=0,j−i 6=1,i−j 6=n1−1
a2i+1,(2j+1)c |2i+ 1, (2j + 1)c〉〈2i+ 1, (2j + 1)c|
+
n1−1∑
i,j=0
(a2i,(2j+1)c |2i, (2j + 1)c〉〈2i, (2j + 1)c|+ a2i+1,(2j)c |2i+ 1, (2j)c〉〈2i+ 1, (2j)c|)
+
d1−1∑
i=2n1
n1−1∑
j=0
a2j,ic (|2j, ic〉〈2j, ic|+ a2j+1,ic |2j + 1, ic〉〈2j + 1, ic|
+ai,(2j)c |i, (2j)c〉〈i, (2j)c|+ ai,(2j+1)c |i, (2j + 1)c〉〈i, (2j + 1)c|)
+
d1−1∑
i 6=j=2n1
ai,jc |i, jc〉〈i, jc|
+
d1−1∑
i=0
d2−d1−1∑
j=0
ai,j
c
′ |i, jc′ 〉〈i, jc′ |, (4.75)
it is clear that the number of such states is Cd2d1 . The positivity and PPT conditions are the
same as for d⊗ d cases except that we have an additional condition for positivity through the
inequalities ai,j
c
′
≥ 0 (i = 0, · · · , d1 − 1 , j = 0, · · · , d2 − d1 − 1). The subscript c′ denotes
those states which lie in the KerPc (i = 0, · · · , d2 − d1 − 1). Now the expectation value of the
canonical EW with respect to the PPT state ρ gives out the following lower bound
Tr(WCρ) ≥ −2n1
d1 + 4n
2
1 + (d1 − 2n1)(d1 + 2n1 − 1)
, n1 = 2, 3, 4, · · · . (4.76)
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Therefore if those PPT states satisfy the following inequality
−2n1
d1 + 4n
2
1 + (d1 − 2n1)(d1 + 2n1 − 1)
≤ Tr(WCρ) < 0, n1 = 2, 3, 4, · · · , (4.77)
then they are entangled. And, as before, if the states ρ violate the PPT conditions, then they
always fulfill the following inequality
−4n1(n1 − 1) + (d1 − 2n1)(d1 + 2n1 − 1)
d1 + 2n1
≤ Tr(WCρ) < −2n1
d1 + 4n
2
1 + (d1 − 2n1)(d1 + 2n1 − 1)
,
n1 = 2, 3, 4, · · · . (4.78)
In the end of this paper, the idea of canonical EW introduced in equation (2.11) can be
extended to construct other EWs. Let us , at first, assume that the single party Hilbert spaces
H1 and H2 and the tensor product Hilbert space H1 ⊗ H2 are defined on real field. As an
illustration to this restriction, any entangled state which lie in a real tensor product Hilbert
space H1⊗H2 can be generated, by interactions or any entanglement generating process, from
single party states which lie in real single party Hilbert spaces H1 and H2. It should be noted
that any LOCC (local operation and classical communication) must be restricted on the real
field. Therefore by these considerations, when we deal to detect the entanglement of a state
which lies in a real tensor product Hilbert space H1⊗H2 by constructing an EW, it is sufficient
that our EW should have positive expectation value with respect to all real separable states.
Now consider the following operator
W = Id ⊗ Id − d|ψ〉〈ψ| − d(JT ⊗ Id)|ψ〉〈ψ|TA(J⊗ Id)
− d(J′T ⊗ Id)|ψ〉〈ψ|TA(J′ ⊗ Id)− d(J′′T ⊗ Id)|ψ〉〈ψ|TA(J′′ ⊗ Id), (4.79)
where
J = j⊕ j⊕ j⊕ ...
J
′
= j
′ ⊕ j′ ⊕ j′ ⊕ ...
J
′′
= j
′′ ⊕ j′′ ⊕ j′′ ⊕ ...,
(4.80)
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, in which the J, J
′
and J
′′
are real skew-symmetric matrices in d-dimensional Hilbert space H
with
j =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


, j
′
=


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0


, j
′′
=


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0


. (4.81)
Clearly the ranks of J, J
′
and J
′′
are 4n, n = 1, 2, 3, · · · with d = 4n +m where 0 ≤ m ≤ 3.
The action of J, J
′
and J
′′
on the basis states of the d-dimensional single party subsystem are
as
J|4k〉 = −|4k + 1〉
J|4k + 1〉 = |4k〉
J|4k + 2〉 = −|4k + 3〉
J|4k + 3〉 = |4k + 2〉
,
J
′|4k〉 = −|4k + 3〉
J
′ |4k + 1〉 = −|4k + 2〉
J
′|4k + 2〉 = |4k + 1〉
J
′ |4k + 3〉 = |4k〉
,
J
′′ |4k〉 = −|4k + 2〉
J
′′ |4k + 1〉 = |4k + 3〉
J
′′ |4k + 2〉 = |4k〉
J
′′|4k + 3〉 = −|4k + 1〉
. (4.82)
. The expectation values of the operator W with respect to the product states are as
〈η| ⊗ 〈ζ |W|η〉 ⊗ |ζ〉 = 1− |〈ζ |η∗〉|2 − |〈ζ |J|η〉|2 − |〈ζ |J′|η〉|2 − |〈ζ |J′′|η〉|2. (4.83)
It is easy to see that the states |η∗〉, J |η〉, J′ |η〉 and J′′ |η〉 are orthogonal to each other when they
are belong to a real single particle Hilbert space. Therefore, the expectation values become
positive with respect to all real separable states. The relation between the operator (2.11) and
(4.79) is
WC = W+D
TA
1 +D
TA
2 , (4.84)
where DTA1 = d(J
′T⊗Id)|ψ〉〈ψ|TA(J′⊗Id) and DTA2 = d(J′′T⊗Id)|ψ〉〈ψ|TA(J′′⊗Id). The operators
D1 and D2 are positive operators so the PPT entanglement detection power of W is greater
than WC. Consider, for example, the following state with d = 4n which is defined in a real
tensor product Hilbert space H1⊗H2 (and keeping in mind that any LOCC must be restricted
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on the real field) as
ρ = a0d|ψ〉〈ψ|+ a0
n−1∑
i=0
[3(|4i, 4i〉〈4i, 4i|+ |4i+ 1, 4i+ 1〉〈4i+ 1, 4i+ 1|
+|4i+ 2, 4i+ 2〉〈4i+ 2, 4i+ 2|+ |4i+ 3, 4i+ 3〉〈4i+ 3, 4i+ 3|)
−|4i, 4i〉〈4i+ 1, 4i+ 1| − |4i, 4i〉〈4i+ 2, 4i+ 2| − |4i, 4i〉〈4i+ 3, 4i+ 3|
−|4i+ 1, 4i+ 1〉〈4i, 4i| − |4i+ 1, 4i+ 1〉〈4i+ 2, 4i+ 2| − |4i+ 1, 4i+ 1〉〈4i+ 3, 4i+ 3|
−|4i+ 2, 4i+ 2〉〈4i, 4i| − |4i+ 2, 4i+ 2〉〈4i+ 1, 4i+ 1| − |4i+ 2, 4i+ 2〉〈4i+ 3, 4i+ 3|
−|4i+ 3, 4i+ 3〉〈4i, 4i| − |4i+ 3, 4i+ 3〉〈4i+ 1, 4i+ 1| − |4i+ 3, 4i+ 3〉〈4i+ 2, 4i+ 2|]
+
n−1∑
i 6=j=0
(a4i,4j |4i, 4j〉〈4i, 4j|+ a4i,4j+1|4i, 4j + 1〉〈4i, 4j + 1|+ a4i,4j+2|4i, 4j + 2〉〈4i, 4j + 2|
+a4i,4j+3|4i, 4j+3〉〈4i, 4j+3|+a4i+1,4j|4i+1, 4j〉〈4i+1, 4j|+a4i+1,4j+1|4i+1, 4j+1〉〈4i+1, 4j+1|
+a4i+1,4j+2|4i+ 1, 4j + 2〉〈4i+ 1, 4j + 2|+ a4i+1,4j+3|4i+ 1, 4j + 3〉〈4i+ 1, 4j + 3|
+a4i+2,4j |4i+ 2, 4j〉〈4i+ 2, 4j|+ a4i+2,4j+1|4i+ 2, 4j + 1〉〈4i+ 2, 4j + 1|
+a4i+2,4j+2|4i+ 2, 4j + 2〉〈4i+ 2, 4j + 2|+ a4i+2,4j+3|4i+ 2, 4j + 3〉〈4i+ 2, 4j + 3|
+a4i+3,4j |4i+ 3, 4j〉〈4i+ 3, 4j|+ a4i+3,4j+1|4i+ 3, 4j + 1〉〈4i+ 3, 4j + 1|
+a4i+3,4j+2|4i+ 3, 4j + 2〉〈4i+ 3, 4j + 2|+ a4i+3,4j+3|4i+ 3, 4j + 3〉〈4i+ 3, 4j + 3|)
n−1∑
i=0
(a4i,4i+1|4i, 4i+ 1〉〈4i, 4i+ 1|+ a4i,4i+2|4i, 4i+ 2〉〈4i, 4i+ 2|
+a4i,4i+3|4i, 4i+ 3〉〈4i, 4i+ 3|+ a4i+1,4i|4i+ 1, 4i〉〈4i+ 1, 4i|
+a4i+1,4i+2|4i+ 1, 4i+ 2〉〈4i+ 1, 4i+ 2|+ a4i+1,4i+3|4i+ 1, 4i+ 3〉〈4i+ 1, 4i+ 3|
+a4i+2,4i|4i+ 2, 4i〉〈4i+ 2, 4i|+ a4i+2,4i+1|4i+ 2, 4i+ 1〉〈4i+ 2, 4i+ 1|
+a4i+2,4i+3|4i+ 2, 4i+ 3〉〈4i+ 2, 4i+ 3|+ a4i+3,4i|4i+ 3, 4i〉〈4i+ 3, 4i|
+a4i+3,4i+1|4i+ 3, 4i+ 1〉〈4i+ 3, 4i+ 1|+ a4i+3,4i+2|4i+ 3, 4i+ 2〉〈4i+ 3, 4i+ 2|)
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+a0
n−1∑
i=0
(|4i+ 1, 4i+ 2〉〈4i+ 3, 4i|+ |4i, 4i+ 3〉〈4i+ 2, 4i+ 1|
+ |4i+ 3, 4i〉〈4i+ 1, 4i+ 2|+ |4i+ 2, 4i+ 1〉〈4i, 4i+ 3|) (4.85)
Its positivity and PPT conditions are as
a0 ≥ 0, a4i+1,4i+2a4i+3,4i ≥ a20, a4i,4i+3a4i+2,4i+1 ≥ a20,
i = 0, ..., n− 1 (4.86)
and
a4i,4ja4j,4i ≥ a20, a4i,4j+1a4j+1,4i ≥ a20, a4i,4j+2a4j+2,4i ≥ a20,
a4i,4j+3a4j+3,4i ≥ a20, a4i+1,4j+1a4j+1,4i+1 ≥ a20, a4i+1,4j+2a4j+2,4i+1 ≥ a20,
a4i+1,4j+3a4j+3,4i+1 ≥ a20, a4i+2,4j+2a4j+2,4i+2 ≥ a20, a4i+2,4j+3a4j+3,4i+2 ≥ a20,
a4i+3,4j+3a4j+3,4i+3 ≥ a20,
i, j = 0, ..., n− 1, i 6= j,
a4i+1,4ia4i+3,4i+2 ≥ a20, a4i,4i+1a4i+2,4i+3 ≥ a20, i = 0, ..., n− 1, (4.87)
respectively. The expectation value of W with respect to ρ, along with the positivity and PPT
conditions, satisfies the following inequality
Tr(Wρ) ≥ −4a0n. (4.88)
Clearly, by the relation (4.84), the PPT entanglement detection power of WC for this state is
weaker than W.
5 Conclusions
In this paper, we have constructed new types of EWs, by using real skew-symmetric operators
and maximal entangled state for bipartite d ⊗ d quantum systems analytically. The proving
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of the positivity of expectation values of these witnesses has been done with respect to the
separable states very easily. We have seen that by using various orthogonal transformations
on canonical EWs one can obtain a large number of EWs. It has been shown that all of
the canonical EWs in various ranks are optimal. When J is full-rank, the canonical EW is
optimal nd-EW and for the cases which is not full-rank (2n < d) the corresponding canonical
EW is not optimal nd-EW. In these cases, optimal nd-EW lies in the 2n ⊗ 2n subspace of
d⊗ d Hilbert space. We have also constructed positive maps corresponding to canonical EWs
by Jamiolkowski isomorphism. On the other hand, we have constructed the other types of
witnesses in d⊗ d Hilbert space corresponding to the possible partitions of full-rank J. It has
been shown that for a full-rank J there exist p(n) (the number of partitions of n) number of
optimal EWs. Among these witnesses, there are one optimal d-EW and one optimal nd-EW.
The other ones are composed of optimal nd-EWs and optimal d-EWs. We have also generalized
our approach to the d1 ⊗ d2 (d1 ≤ d2) quantum systems. We have shown that there exist Cd2d1
distinct possibilities to construct EWs for a given d1 ⊗ d2 Hilbert space. In all of the cases
where we have discussed, we have emphasized that the rank(J) ≥ 4 (rank(J1) ≥ 4), because
if we take rank(J) < 4 (rank(J1) < 4) then we can not find out any nd-EWs. Also the idea of
canonical EW has been extended to produce other EWs allowed to use only for detecting the
entanglement of states which lie in a real tensor product Hilbert space.
In each step, we have constructed a class of PPT states. The expectation values of
constructed witnesses with respect to the corresponding PPT states give out a negative lower
bound. This lower bound lies at the boundary of the entangled PPT states and entangled
states that violate the PPT conditions. Finally we must mention that the other interesting
issues remain unsolved such as for positive expectation values; we can not conclude that the
corresponding states are separable or not. On the other hand, by replacing the Wred by the
generalized reduction EW introduced in [27], the generalized canonical EWs may be obtained.
The work on these important points is under investigation by these authors.
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Appendix A:
Proving the lower bound (2.31):
The expectation value of the EW (2.22) with density matrix ρ (without normalization) in
(2.27) is given as
Tr(WCρ) = −(4n(n− 1) + (d− 2n)(d+ 2n− 1))a0 +
n−1∑
i 6=j=0
(a
2i,2j
+ a
2i+1,2j+1
+ a
2i+1,2j
+ a
2i,2j+1
)
− 2
n−1∑
i=0
Ci +
d−1∑
i=2n
n−1∑
j=0
(a
2i,j
+ a
j,2i
+ a
2i+1,j
+ a
j,2i+1
) +
d−1∑
i 6=j=2n
a
i,j
(A-1)
Let us rewrite the the PPT condition in (2.30) as
a
2i,2j
a
2j,2i
= δ22i,2ja
2
0 ; δ2i,2j ≥ 1 ; i, j = 0, ..., n− 1 ; i 6= j
a
2i+1,2j+1
a
2j+1,2i+1
= δ22i+1,2j+1a
2
0 ; δ2i+1,2j+1 ≥ 1 ; i, j = 0, ..., n− 1 ; i 6= j
a
2i,2j+1
a
2j+1,2i
= δ22i,2j+1a
2
0 ; δ2i,2j+1 ≥ 1 ; i, j = 0, ..., n− 1 ; i 6= j
a
2i+1,2i
a
2i+2,2i+3
= δ22i,2i+2a
2
0 , δ2i,2i+2a0 ≥ Ci ; i = 0, ..., n− 1
a
2j,i
ai,2j = δ
2
2j,ia
2
0 ; δ2j,i ≥ 1 ; j = 0, ..., n− 1 ; i = 2n, ..., d− 1
a
2j+1,i
ai,2j+1 = δ
2
2j+1,ia
2
0 ; δ2j+1,i ≥ 1 ; j = 0, ..., n− 1 ; i = 2n, ..., d− 1
ai,j aj,i = δ
2
i,ja
2
0 ; δi,j ≥ 1 ; i, j = 2n, ..., d− 1 ; i 6= j (A-2)
It is clear that δ is invariant under permutation of its subscripts. It should be noted that
for two variables with constant product, their summation becomes minimum when they are
equal. The corresponding summation of each product in (A-2) appears in (A-1). Hence the
minimum value for (A-1) is obtained when
a
2i,2j
= a
2j,2i
= δ2i,2ja0 ; δ2i,2j = δ2j,2i ; i, j = 0, ..., n− 1 ; i 6= j
a
2i+1,2j+1
= a
2j+1,2i+1
= δ2i+1,2j+1a0 ; δ2i+1,2j+1 = δ2j+1,2i+1 ; i, j = 0, ..., n− 1 ; i 6= j
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a
2i,2j+1
= a
2j+1,2i
= δ2i,2j+1a0 ; δ2i,2j+1 = δ2j+1,2i ; i, j = 0, ..., n− 1 ; i 6= j
a
2j,i
= ai,2j = δi,2ja0 ; δi,2j = δ2j,i ; j = 0, ..., n− 1 ; i = 2n, ..., d− 1
a
2j+1,i
= ai,2j+1 = δi,2j+1a0 ; δi,2j+1 = δ2j+1,i ; j = 0, ..., n− 1 ; i = 2n, ..., d− 1
ai,j = aj,i = δi,ja0 ; δi,j = δj,i ; i, j = 2n, ..., d− 1 ; i 6= j
Ci = δ2i,2i+2a0 ; i = 0, ..., n− 1 (A-3)
Therefore the equations in (A-3) satisfy the PPT conditions and ensure to obtain minimum
value for (A-1). Also the (A-3) along with the inequality Ci ≤ δ2i+1,2i+3a0 (i = 0, ..., n−1) gives
the positivity conditions for ρ. To check this matter, one can write the first and second line of
(A-3) for j = i+1 and therefore a
2i+2,2i
= δ2i,2i+2a0 and a2i+1,2i+3 = δ2i+1,2i+3a0 (i = 0, ..., n−1)
so a
2i+2,2i
a
2i+1,2i+3
= δ2i,2i+2δ2i+1,2i+3a
2
0 ≥ C2i (i = 0, ..., n−1) which is the same as the positivity
condition for ρ in (2.29). The equation (A-1) becomes
Tr(WCρ) = −(4n(n− 1)+ (d− 2n)(d+2n− 1))a0+ a0
n−1∑
i 6=j=0
(δ
2i,2j
+ δ
2i+1,2j+1
+ δ
2i+1,2j
+ δ
2i,2j+1
)
− a0(
n−1∑
i=0
δ2i,2i+2 + δ2i+2,2i) + a0
d−1∑
i=2n
n−1∑
j=0
(δ
2i,j
+ δ
j,2i
+ δ
2i+1,j
+ δ
j,2i+1
) + a0
d−1∑
i 6=j=2n
δ
i,j
(A-4)
It is clear that we have used the invariancy of δ with respect to permutation of its subscripts.
Since Tr(WCρ) is a linear strictly increasing function of various δs then its minimum takes
place in lower bounds of various δs. Thus, when all of δs are equal to one the lower bound of
(A-4) is (−2na0). Consequently, by considering the normalization factor N (2.28), which by
(A-3) gets its minimum value, we obtain
Tr(WCρ) ≥ −2n
d+ 4n2 + (d− 2n)(d+ 2n− 1) ; n = 2, 3, 4, · · · (A-5)
So we conclude that, the lower bound is obtained in the boundary of the entangled PPT states
and entangled states that violate the PPT conditions.
Appendix B:
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Let us assume that H2n ⊗ H2n is a subspace of Hd ⊗ Hd Hilbert space. WOPC in (2.26), is a
Hermitian operator in H2n⊗H2n which is embedded in the Hd⊗Hd and then its compact form
is as
WOPC = I2n ⊗ I2n − 2n|ψ〉〈ψ| − 2n(JT ⊗ I2n)|ψ〉〈ψ|TA(J⊗ I2n) (B-1)
where
|ψ〉 = 1√
2n
2n−1∑
i=0
|i, i〉 (B-2)
Now we define |η′〉 ⊗ |ζ ′〉 ∈ H2n ⊗H2n as the projection of products |η〉 ⊗ |ζ〉 ∈ Hd ⊗Hd so the
expectation value of WOPC with normalized products |η〉 ⊗ |ζ〉 is
〈η| ⊗ 〈ζ |WOPC|η〉 ⊗ |ζ〉 = 〈η′|η′〉〈ζ ′|ζ ′〉 − |〈ζ ′|η′∗〉|2 − |〈ζ ′|J|η′〉|2 (B-3)
By normalizing the states |η′〉 and |ζ ′〉, we obtain the next equation
〈η| ⊗ 〈ζ |WOPC|η〉 ⊗ |ζ〉 = 〈η′|η′〉〈ζ ′|ζ ′〉(1− |〈ζ ′′|η′′∗〉|2 − |〈ζ ′′|J|η′′〉|2) (B-4)
where
|η′′〉 = 1√〈η′|η′〉 |η
′〉 , |ζ ′′〉 = 1√〈ζ ′|ζ ′〉 |ζ
′〉 (B-5)
The right hand side of the equation (B-4), apart from the multiplier 〈η′|η′〉〈ζ ′|ζ ′〉, is similar to
the right hand side of the equation (2.5). Since J is full-rank in 2n-dimensional subspace then,
by the same argument sketched in section 2, the above mentioned expectation value is zero by
the products such as |η′′〉⊗ (α|η′′∗〉+βJ |η′′〉) and positive with other separable states so WOPC
is an EW. To further illustrate, if |η〉 ⊗ |ζ〉 ∈ H2n ⊗ H2n then the equation (B-4) becomes as
the following equation
〈η| ⊗ 〈ζ |WOPC|η〉 ⊗ |ζ〉 = 1− |〈ζ |η∗〉|2 − |〈ζ |J|η〉|2 (B-6)
which was discussed in section 2. On the other hand, if |η〉 ⊗ |ζ〉 ∈ Hd−2n ⊗ Hd−2n, where
Hd−2n ⊗ Hd−2n is the complement subspace of H2n ⊗ H2n, then the expectation value of the
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equation (B-4) with these products becomes zero because they have no component in H2n⊗H2n.
Consequently, the expectation value of WOPC with the following products is always zero,
PWOPC = {|η〉 ⊗ |ζ〉 ∈ H2n ⊗ H2n; |ζ〉 = α|η∗〉+ βJ|η〉}
∪ {|η〉 ⊗ |ζ〉 ∈ Hd ⊗ Hd; |ζ ′′〉 = α|η′′∗〉+ βJ |η′′〉} ∪ {|η〉 ⊗ |ζ〉 ∈ Hd−2n ⊗ Hd−2n} (B-7)
.where |η′′〉 and |ζ ′′〉 have been defined in equation (B-5) and |η′〉 ⊗ |ζ ′〉 is the projection of
|η〉 ⊗ |ζ〉 in to subspace H2n ⊗ H2n and with other products is positive.
Appendix C:
As we considered in the paper, for a given partition (µ
1
, µ
2
, µ
3
, · · · , µ
ν
) of n, the corre-
sponding entanglement witness is given by
WC(µ1, µ2, µ3, · · · , µν) =WC(µ1, µ2, µ3, · · · , µν)+OtA(µ1)+OtA(µ1)+OtA(µ3)+· · ·+OtA(µν−1)
in which
WC(µ1, µ2, µ3, · · · , µν) = WC(µ1)⊕WC(µ2)⊕WC(µ3)⊕ · · · ⊕WC(µν)
Each of WC(µǫ) (ǫ = 1, 2, · · · , ν) is canonical EW on the 2µǫ ⊗ 2µǫ subspace of d⊗ d Hilbert
space such as
WC(µǫ) =
µ1+µ2+···+µǫ−1∑
i6=j=µ1+µ2+···+µǫ−1
(|2i, 2j〉〈2i, 2j|+ |2i, 2j + 1〉〈2i, 2j + 1|+ |2i+ 1, 2j〉〈2i+ 1, 2j|
+|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1| − |2i, 2i〉〈2j, 2j| − |2i, 2i〉〈2j + 1, 2j + 1|
−|2i+ 1, 2i+ 1〉〈2j, 2j| − |2i+ 1, 2i+ 1〉〈2j + 1, 2j + 1|
−|2i+ 1, 2j〉〈2j + 1, 2i|+ |2i+ 1, 2j + 1〉〈2j, 2i|
+|2i, 2j〉〈2j + 1, 2i+ 1| − |2i, 2j + 1〉〈2j, 2i+ 1|)
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As shown in the paper, these witnesses for µǫ = 1 are zero and for the others are optimal
nd-EWs. Consequently the WC(µ1, µ2, µ3, · · · , µν) is zero or optimal nd-EW and the operator
OtA(µǫ) for (ǫ = 1, 2, 3, · · ·ν − 1) is written as below
OtA(µǫ) =
µ1+µ2+···+µǫ−1∑
i=µ1+µ2+···+µǫ−1
d
2
−1∑
j=µ1+µ2+···+µǫ
(|2i, 2j〉〈2i, 2j|+|2i, 2j+1〉〈2i, 2j+1|+|2i+1, 2j〉〈2i+1, 2j|
+|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1| − |2i, 2i〉〈2j, 2j| − |2i, 2i〉〈2j + 1, 2j + 1|
−|2i+ 1, 2i+ 1〉〈2j, 2j| − |2i+ 1, 2i+ 1〉〈2j + 1, 2j + 1|
|2j, 2i〉〈2j, 2i|+ |2j, 2i+ 1〉〈2j, 2i+ 1|+ |2j + 1, 2i〉〈2j + 1, 2i|
+|2j + 1, 2i+ 1〉〈2j + 1, 2i+ 1| − |2j, 2j〉〈2i, 2i| − |2j, 2j〉〈2i+ 1, 2i+ 1|
−|2j + 1, 2j + 1〉〈2i, 2i| − |2j + 1, 2j + 1〉〈2i+ 1, 2i+ 1|)
It is clear that the O(µǫ) is positive operator so the O
tA(µǫ) is optimal d-EW.
Appendix D:
In this appendix we give the positivity and PPT conditions for the following PPT state
which corresponds to the partition (µ
1
, µ
2
, µ
3
, · · · , µ
ν
) of n = d
2
.
ρ(µ1, µ2, µ3, · · · , µν)
=
1
N (µ1, µ2, µ3, · · · , µν)(̺(µ1, µ2, µ3, · · · , µν) + σ(µ1) + σ(µ1) + σ(µ3) + · · ·+ σ(µν−1))
where
̺(µ1, µ2, µ3, · · · , µν) = ρ(µ1)⊕ ρ(µ2)⊕ ρ(µ3)⊕ · · · ⊕ ρ(µν)
Each of the ρ(µǫ) with (ǫ = 1, 2, 3, · · · , ν) and σ(µǫ) with (ǫ = 1, 2, 3, · · · , ν − 1) is given as
below
ρ(µǫ) = a0|ψ(µǫ)〉〈ψ(µǫ)|
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+a0
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i=µ
1
+µ
2
+µ
3
+···+µ
ǫ−1
(|2i, 2i〉〈2i, 2i|+ |2i+ 1, 2i+ 1〉〈2i+ 1, 2i+ 1|
−|2i, 2i〉〈2i+ 1, 2i+ 1| − |2i+ 1, 2i+ 1〉〈2i, 2i|)
+
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i=µ
1
+µ
2
+µ
3
+···+µǫ−1
(a2i+2,2i|2i+ 2, 2i〉〈2i+ 2, 2i|+ a2i+1,2i+3|2i+ 1, 2i+ 3〉〈2i+ 1, 2i+ 3|
−Ci(|2i+ 2, 2i〉〈2i+ 1, 2i+ 3|+ |2i+ 1, 2i+ 3〉〈2i+ 2, 2i|))
+
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i 6=j=µ
1
+µ
2
+µ
3
+···+µǫ−1 ,i−j 6=1,j−i 6=µǫ−1
a2i,2j |2i, 2j〉〈2i, 2j|
+
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i 6=j=µ
1
+µ
2
+µ
3
+···+µǫ−1 ,j−i 6=1,i−j 6=µǫ−1
a2i+1,2j+1|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1|
+
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i,j=µ
1
+µ
2
+µ
3
+···+µǫ−1
(a2i,2j+1|2i, 2j + 1〉〈2i, 2j + 1|+ a2i+1,2j |2i+ 1, 2j〉〈2i+ 1, 2j|)
in which
|ψ(µǫ)〉 = 1√
2µǫ
2µǫ−1∑
i=1
|i, i〉
is the maximal entangled state in 2µǫ ⊗ 2µǫ subspace. and
σ(µǫ) =
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i=µ
1
+µ
2
+µ
3
+···+µ
ǫ−1
d
2
−1∑
j=µ
1
+µ
2
+µ
3
+···+µǫ
(a
2i,2j
|2i, 2j〉〈2i, 2j|+ a
2i,2j+1
|2i, 2j + 1〉〈2i, 2j + 1|
+a
2i+1,2j
|2i+ 1, 2j〉〈2i+ 1, 2j|+ a
2i+1,2j+1
|2i+ 1, 2j + 1〉〈2i+ 1, 2j + 1|
+a0(|2i, 2i〉〈2j, 2j|+ |2i, 2i〉〈2j + 1, 2j + 1|
+|2i+ 1, 2i+ 1〉〈2j, 2j|+ |2i+ 1, 2i+ 1〉〈2j + 1, 2j + 1|)
+a
2j,2i
|2j, 2i〉〈2j, 2i|+ a
2j,2i+1
|2j, 2i+ 1〉〈2j, 2i+ 1|
+a
2j+1,2i
|2j + 1, 2i〉〈2j + 1, 2i|+ a
2j+1,2i+1
|2j + 1, 2i+ 1〉〈2j + 1, 2i+ 1|
+a0(|2j, 2j〉〈2i, 2i|+ |2j, 2j〉〈2i+ 1, 2i+ 1|
+|2j + 1, 2j + 1〉〈2i, 2i|+ |2j + 1, 2j + 1〉〈2i+ 1, 2i+ 1|))
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where
N (µ1, µ2, µ3, · · · , µν) =
ν∑
ǫ=1
N (µǫ) +
ν−1∑
ǫ=1
n(µǫ)
with
N (µ
ǫ
) = 4a0µǫ +
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i 6=j=µ
1
+µ
2
+µ
3
+···+µǫ−1
(a
2i,2j
+ a
2i+1,2j+1
) +
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i,j=µ
1
+µ
2
+µ
3
+···+µǫ−1
(a
2i,2j+1
+ a
2i+1,2j
)
and
n(µ
ǫ
) =
µ
1
+µ
2
+µ
3
+···+µǫ−1∑
i=µ
1
+µ
2
+µ
3
+···+µǫ−1
d
2
−1∑
j=µ
1
+µ
2
+µ
3
+···+µǫ
(a
2i,2j
+ a
2i,2j+1
+ a
2i+1,2j
+ a
2i+1,2j+1
+a
2j,2i
+ a
2j,2i+1
+ a
2j+1,2i
+ a
2j+1,2i+1
)
The Positivity Conditions:
The following conditions must be satisfied for each ǫ = 1, 2, 3, · · · , ν
1)
a0 ≥ 0
2)
a
2i,2j
≥ 0 for i, j = µ1 + µ2 + · · ·+ µǫ−1, · · · , µ1 + µ2 + · · ·+ µǫ − 1
with i 6= j ; i− j 6= 1 ; j − i 6= µǫ − 1
3)
a
2i+1,2j+1
≥ 0 for i, j = µ1 + µ2 + · · ·+ µǫ−1, · · · , µ1 + µ2 + · · ·+ µǫ − 1
with i 6= j ; j − i 6= 1 ; i− j 6= µǫ − 1
4)
a
2i,2j+1
≥ 0 ; a
2i+1,2j
≥ 0 for i, j = µ1 + µ2 + · · ·+ µǫ−1, · · · , µ1 + µ2 + · · ·+ µǫ − 1
5)
a
2i+2,2i
a
2i+1,2i+3
≥ C2i for i = µ1 + µ2 + · · ·+ µǫ−1, · · · , µ1 + µ2 + · · ·+ µǫ − 1
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6)
a
2i,2j
≥ 0 ; a
2i,2j+1
≥ 0 ; a
2i+1,2j
≥ 0 ; a
2i+1,2j+1
≥ 0
a
2j,2i
≥ 0 ; a
2j,2i+1
≥ 0 ; a
2j+1,2i
≥ 0 ; a
2j+1,2i+1
≥ 0
for i = µ1+µ2+· · ·+µǫ−1, · · · , µ1+µ2+· · ·+µǫ−1 and j = µ1+µ2+· · ·+µǫ, · · · , d
2
−1
Therefore these inequalities ensure that ρ(µ1, µ2, µ3, · · · , µν) and ρ(µǫ) (ǫ = 1, ..., ν) are positive
operators.
The PPT Conditions:
1)
a
2i,2j
a
2j,2i
≥ a20 ; a2i+1,2j+1a2j+1,2i+1 ≥ a20 ; a2i,2j+1a2j+1,2i ≥ a20
for i, j = µ1 + µ2 + · · ·+ µǫ−1, · · · , µ1 + µ2 + · · ·+ µǫ − 1 with i 6= j
2)
a
2i+1,2i
a
2i+2,2i+3
≥ C2i for i = µ1 + µ2 + · · ·+ µǫ−1, · · · , µ1 + µ2 + · · ·+ µǫ − 1
3)
a
2i,2j
a
2j,2i
≥ a20 ; a2i,2j+1a2j+1,2i ≥ a20 ; a2i+1,2ja2j,2i+1 ≥ a20 ; a2i+1,2j+1a2j+1,2i+1 ≥ a20
for i = µ1+µ2+· · ·+µǫ−1, · · · , µ1+µ2+· · ·+µǫ−1 and j = µ1+µ2+· · ·+µǫ, · · · , d
2
−1
And these inequalities give the PPT conditions for ρ(µ1, µ2, µ3, · · · , µν) and ρ(µǫ) (ǫ = 1, ..., ν).
References
[1] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cam-
bridge University Press, Cambridge, 2000).
[2] The Physics of Quantum Information: Quantum Cryptography, Quantum Teleporta-
tion and Quantum Computation, edited by D. Bouwmeester, A. Ekert, and A. Zeilinger
(Springer, New York, 2000).
Entanglement Witnesses 39
[3] J. Preskill, The Theory of Quantum Information and Quantum Computation
(California Inatitute of Technology, Pasadena, CA, 2000),
http://www.theory.caltech.edu/poeole/preskill/ph229/.
[4] A. Peres, Phys. Rew. Lett. 77, 1413 (1996).
[5] P. Horodecki, Phys. Lett. A 232, 333 (1997).
[6] M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Rew. Lett. 80, 5239, (1998).
[7] M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Lett. A 223, 1 (1996).
[8] B.M. Terhal, Phys. Lett. A 271, 319 (2000); Linear Algebr. Appl. 323, 61 (2000).
[9] S. L. Woronowicz, Rep. on Math. Phys. 10, 165 (1976).
[10] M. A. Jafarizadeh, M. Rezaee, S. K. A. Seyed Yagoobi, Phys. Rev. A 72, 062106 (2005).
[11] M. A. Jafarizadeh, R. Sufiani, Phys. Rev. A 77, 012105 (2008).
[12] M. A. Jafarizadeh, G. Najarbashi, Y. Akbari, H. Habibian, Eur. Phys. J. D 47, 233-255
(2008).
[13] M. A. Jafarizadeh, Y. Akbari, N. Behzadi, Eur. Phys. J. D 47, 283-293 (2008).
[14] Lewenstein, M., B. Kraus, P. Horodecki, and J. I. Cirac, Phys. Rev. A 63, 04430, (2001).
[15] A. C. Doherty, P. A. Parrilo, F. M. Spedalieri, Phys. Rew. Lett. 88, 187904, (2002).
[16] A. C. Doherty, P. A. Parrilo, F. M. Spedalieri, Phys. Rew. A 69, 022308 (2004).
[17] S. Yu, N. Liu, Phys. Rew. Lett. 95, 150504 (2005).
[18] H. P. Breuer, Phys. Rew. Lett. 97, 080501 (2006).
[19] M. A. Jafarizadeh, M. Rezaee, S. Ahadpour, Phys. Rew. A 74, 042335 (2006).
Entanglement Witnesses 40
[20] D. Chrus´cin´ski, A. Kossakowski, e-print: quant-ph/0712.111 (2007).
[21] R. A. Bertlmann, P. Krammer, Phys. Rew. A 77, 024303 (2008).
[22] C. C. Macduffee, The Theory Of Matrices (Chelsea Publishing Company, New York 1, N.
Y., 1946).
[23] A. Jamiokowski, Rep. Math. Phys. 3, 275 (1972).
[24] Lewenstein, M., B. Kraus, J. I. Cirac, and P. Horodecki, Phys. Rew. A 62, 052310, (2000).
[25] M. Horodecki and P. Horodecki, Phys. Rev. A 59, 4206 (1999).
[26] M. B. Nathanson, Elementary Methods in Number Theory (Springer-Verlag, New york,
Berlin Heidelberg, 2000).
[27] M. A. Jafarizadeh, G. Najarbashi, H. Habibian, Phys. Rew. A 75, 052326 (2006).
